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We introduce and compare several measures of nonclassical correlation defined on the 
basis of a widely-recognized paradigm claiming that a multipartite system represented 
by a density matrix having no product eigenbasis possesses nonclassical correlation. 
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1. Introduction 

Classical/nonclassical separation is a controversial subject. There have been de- 
bates on the definition of nonclassical corr elatio n of a multipartite system. It is 
well-known that the separability paradigm 1111 is widely-accepted to define en- 
tanglement as a quantum correlation that cannot be generated from scratch using 
only local operations and classical communication (LOCC) (See, e.g., Ref.HJ). There 
are different paradigms to define nonclassical correlation of a multipartite system 
from operational viewpoints. Bennett et al. ^ discussed a certain nonlocality about 
locally nonmeasurable separable states. Ollivier and Zurek^ introduced a measure 
called quantum discord defined as a discrepancy of two expressions of a mutual in- 
formation that should be equivalent to each other in a classical information theory. 
A simple classical/nonclassical separation was given by Oppenheim et al. VHBi which 
is also widely recognized. They defined the class of (properly) classically correlated 
states that are the states with a product eigenbasis. Its complement is the class of 
nonclassically correlated states that are the states without product eigenbasis. This 
definition is in accord with their measure called quantum deficit defined as a dis- 
crepancy between the information that can be localized by applying closed LOCC 
(CLOCC) operations and the total information of the system. The CLOCC proto- 
col allows only local unitary operations, attaching ancillas in separable pure states, 
and operations to send subsystems through a complete dephasing channel. Thus 
classically correlated states have vanishing quantum deficit. Other measures ISES 
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were later proposed on the basis of the same definition of classical/nonclassical 
correlation. 

We aim to evaluate measures based on the following separation of classi- 
cal/nonclassical correlations. 

Definition 1 (Oppenheim-Horodecki). A quantum bipartite system consisting 
of subsystems A and B is (properly) classically correlated if and only if it is described 
by a density matrix having a biproduct eigenbasis. 

A straightforward extension gives the definition: 

Definition 2. A quantum multipartite system consisting of subsystems 1, m is 
nonclassically correlated if and only if it is described by a density matrix having no 
m-product eigenbasis. 

The set of classically correlated states is a nonconvex subset of the set of sep- 
arable states. Thus a convexity cannot be a property of a measure of nonclassical 
correlation. The natural statement is that a measure M of nonclassical correlation 
should satisfy the following conditions: 

(i) M = if a system is described by a density matrix having a product eigenbasis. 

(ii) M is invariant under local unitary operations. 

These conditions are considered to be prerequisite hereafter. 

In addition, the additivity property should be satisfied if one needs to compare 
systems with different dimensions. There are two ways to define additivity for a 
measure. One is defined as follows, which is valid for any measure of bipartite 
correlation. 

Definition 3. Let -F(p ab )a|b be a measure of correlation between subsystems A 
and B of a bipartite system AB, where A|B denotes splitting between A and B. 
Then, -F 1 (p ab )aib is called an additive measure if and only if the equality F(p AB ® 
<t CD )ac|bd = ^(p AB )a|b + ^(p CD )c|D holds. 

Another definition of additivity may be introduced for a multipartite measure 
when we focus on scaling. 

Definition 4. Let us denote a measure of m-partite nonclassical correlation by 
M m {a) where a is a density matrix of an m-partite quantum system. First, the 
measure is fully additive if and only if M miXm2 (<Ji <g> a 2) = Af TOl (<7i) + M m2 {a2) 
with <7i the density matrix of an mi-partite system and 02 the density matrix of 
an m2-partite system. Second, the measure possesses weak additivity if and only if 
M m n((T® n ) = nM m (a). Third, the measure possesses subadditivity if and only if 
M miXm2 (ai (g) <j 2 ) < M mi (ai) + M„ l2 (er 2 )- 

In this contribution, we first compare the definitions and properties of measures 
of nonclassical correlation in Sec. [5J Then we compare these measures numerically 
in simple examples in Sec. [3] The paper concludes with several remarks. 
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2. Nonclassical Correlation Measures 

Four measures of nonclassical correlation are eva luated for comparison together 
with the negativity (an entanglement measure) ^UJ. 

The first one is an uncertainty remaining for a third party about the quan- 
tum state shar ed by multiple persons after the third party receives many reports 
from them These reports are measurement results on the shared state using 
local observables. Let us consider a density matrix pi 1 * - '" 1 ] of an m-partite system. 
Consider local complete orthonormal bases { | ) }j , . . . , {|ci m ')} x . Suppose the Ith 

person locally makes measurements using the observable ^2 S s\c^)(c^\ and sends 
reports to the third party. Then, a measure of nonclassical correlation is given by 



mm 

local bases 
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(1) 



with Pj = (cf ] |(4 2] | • • • ((t ] \p [1 '-' m] \cf ] )\cf ] ) ■ ■ ■ \ct ] ) (SvN is the von Neumann 

entropy). The value of D{p il, '"' m ^) vanishes if pi 1 ' - '™] has a (fully) product eigen- 
basis. In addition, D(p^''"' m ^) is invariant under local unitary operations as is clear 
from its definition. Furthermore, it is fully additive in terms of Definition |4] 

The second one is derived from a game of multiple persons sharing a quantum 
state. Let us consider an artificial game to find out eigenvalues of the reduced density 
matrix of a subsystem from eigenvalues of the density matrix of the total system. 
Suppose that Kate has the fcth component of an m-partitc quantum system. Let the 
dimension of the Hilbert space of the fcth component be S- k ^ and that of the Hilbcrt 
space of the total system be <itot- She wants to know the eigenvalues {e^'}^^ of the 
reduced density matrix of the fcth component. Kate receives d t ot eigenvalues from 
Tony who knows all the eigenvalues of the total system. Kate partitions them into 
c?[ fe ] sets. Summing up elements in individual sets, she has mimic eigenvalues 
{ ' 



Cj '}. Thus a measure of nonclassical correlation for Kate can be 



') = min 

paititionings 



(e ■ log 2 e 



log 2 ef) 



We may take the maximum over k to have the measure 



1) = max F k (p^-- ™1). 

k 



This is equal to zero if pi 1 '—'™' has a (fully) product eigenbasis. In addition, it is in- 
variant under local unitary operations as is clear from its definition. It is subadditive 
in terms of Definition [U 

The third one is a sort of measures introduced by Groisman et aZ.™ This is 
defined in the following way. Consider a bipartite system (AB) represented by a 
density matrix p AB . Then, (i) Find a basis that diagonalizes the state Ti^p 



AB 



Tr A p 



A 13 



(ii) Write p AB under the basis found by (i) and delete all off-diagonal 



4 



elements. Denote this state as p' . (iii) The measure is calculated by a certain 
distance between p AB and p' . We can take the difference in von Neumann 
entropy as the distance function to define the measure: 

D G (p AB ) =S VN (P')~S VN (P AB )- 

This measure can be seen as a variant of measure D by taking a fixed set of local 
bases instead of searching for the minimum in ([T]). An extension to the multipartite 
case is obvious. This measure satisfies additivity in terms of Definition [3l 

To define the fourth one, we can get a clue to construct a measure of nonclas- 
sical correlation from a conventional entanglement measure in the following way. 
A well known measure of entanglement is negativity N(p AB ), defined as the 
absolute value of the sum of negative eigenvalues of (I A <g> A B )p AB where At is the 
transposition. This can be in fact regarded as a measure of nonclassical correlation. 
Nevertheless, this obviously does not quantify nonclassical correlation of systems 
described by separable density matrices. Instead of negativity, one can define an- 
other measure using the partial transposition: 

^(p AB ) = Ei e *- e ~*i' 

X 

where e x are the eigenvalues of p AB and e x are the eigenvalues of (I A ® A B )p AB ; 
both e^'s and e^'s are aligned in the descending (or ascending) order. This measure 
utilizes the fact that At is eigenvalue-preserving while J® At is, in general, not. The 
partial transposition / (g) At preserves eigenvalues when acting on a density matrix 
having a biproduct eigenbasis. In this sense, any eigenvalue-preserving-but-not- 
completely-eigenvalue-preserving map (EnCE, this might be reminiscent of PnCP) 
can be used to define a measure of nonclassical correlation. This will be investigated 
in detail in our forthcoming contribution 1 ^. One drawback is that a measure in the 
form of K does not possess an additivity property, similarly to the case of negativity. 
The extension of this measure to a multipartite case can be accomplished by taking 
the minimum over all bipartite splittings. 

3. Examples 

We compare the four measures we have seen above together with negativity in 
three simple examples of bipartite splitting cases. The measure D requires a random 
search of local bases to estimate its value for a given state. We try 4.0 x 10 4 randomly 
generated bases for each data point in Figs. Q] (b) and (c). Other measures can be 
calculated without numerical estimation. 

The first example is the pseudo-entangled state of two qubits, p ps = p\tp)(ijj\ + 
(l-p)I/4 with \ip) = (| 00) + |11))/V2. For this state, we have D(p ps ) = D G (p ps ) = 
2s[(l+p)/4] - s[(l -p)/4] - s[(l + 3p)/4] where s(x) = -xlog 2 x (0 < x < 1). In 
addition, we have G(p ps ) = 1 — H[(l +p)/2] where H(x) — s(x) + s(l — x) is the 
binary entropy function. It is also easy to obtain N(p ps ) = |min[0, (1 — 3p) / 4] | and 
K(p ps ) — 2p. These results are plotted against p in Fig. Q] (a). 
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The second example is the two-qubit density matrix a = (1/2 — p)(|00)(00| + 
|ll)(ll|)+2p|0)(0| with |0) = (|01) + |10))/V2 andO <p< 1/2. This is inseparable 
for p > 1/4 since (/ (g> At)<t has the eigenvalues 1/2 — 2p, p (with the multiplicity 
of two), and 1/2. We need to estimate D(a) using a numerical search. As for other 
measures, we obtain G{u) = xmn{l-H(p+l/2),l-H(2p)},D G (a) = 2s(p)-s(2p), 
N(a) = |min[0, 1/2 - 2p]\, and K(a) = 4p (0 < p < 1/6), 2 - 8p (1/6 < p < 1/4), 
8p— 2 (1/4 < p < 1/2). These functions are illustrated in Fig.[T](b) as functions of 
P- 

The third example is the 8x8 density matrix of the bipartite system AB 
with the dimensions of the Hilbert spaces, two for A and four for B. 
1 



Ob 



7b + 1 



di & g(b,b,b,b,^,b,b,^) + bx ( |0)(5| + |1)(6| + |2)<7| 



+ |5)(0| + |6)(1| + |7)<2| ) + x ( |4)(7| + |7)(4| ) 

with < b < 1. This was originally introduced by Horodecki ^31 as an entangled 
state with positive partial transpose. In fact A/"(cb) = although it is inseparable 
for < b < 1 . It is notable that I A ® A® does not change the eigenvalues of <j\, and 
hence N(<Jb) = K(ab) = 0. The values of other measures are numerically estimated 
or analytically calculated in a straightforward manner while these are too lengthy 
to include in the text. Plots of the measures against b are shown in Fig. Q] (c). 



4. Concluding Remarks 

There are many different ways to define a measure of nonclassical correlation. We 
have seen four of them. The measures D and Dq look stable and faithful against 
changes of parameters among tested measures as far as we could see in the three 
simple examples. Further investigation is required to find desirable properties in 
addition to additivity properties. Computational cost should be another factor to 
choose a measure. A seemingly natural measure D cannot be used for a system 
with a large dimension due to the cost of searching over all possible local bases. 
Thus the measures other than D are good candidates in this sense. 

We have found that a more general framework to detect and quantify nonclas- 
sical correlation can be constructed with EnCE, in analogy with the PnCP map 
theory, in the process of defining the measure K. Consider a map A such that A 
preserves the eigenvalues of a density matrix while / ® A in general does not. It is 
obvious that I ® K preserves eigenvalues of a density matrix if it has a biproduct 
eigenbasis. Thus such A can be used to detect and quantify nonclassical correlation. 
Further investigation in this approach will be reported elsewhere 
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Fig. 1. Plots of the measures of nonclassical cor- 
relation introduced in the text against parameters. 
The target bipartite systems are those represented 
by density matrices (a) p pB , (b) a, and (c) u\y. 
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